In my work on the spin and orbital angular momentum (OAM) of light, I showed that the spin of a radiation field stems from a movement of the field that contributes nothing to the total (linear) momentum. This was done by expanding the electric and magnetic vectors of a radiation field in terms of their plane-wave spectra in the following way:
The expression for the total energy in reciprocal space thus reads
Next, we look at the momentum. The momentum density in real space is defined as p(x,t) = ε 0 μ 0 E×H. Upon substituting Eqs.
(1) and with the help of the relation
it splits into two parts p(x,t) = p 1 (x,t) + p 2 (x,t), where
and E = E(k ,t). Straightforward calculations give for the contribution of the first part of the momentum density to the total momentum
Because is an even function of k, one actually has
In addition, it is easy to show, upon taking the transversality condition (2) into account, that the second part of the momentum density contributes nothing to the total momentum,
Therefore, the total momentum assumes the form
At last, we pay attention to the angular momentum about a reference point x 0 , which is defined as
where
is the angular momentum about the origin. That the momentum density splits into two different parts makes it possible to separate the angular momentum into two distinct parts. One part is associated with the second momentum density p 2 . Because of the property (6), this part, denoted by S, is independent of the choice of the reference point,
and is reasonably regarded as the spin. The other part is associated with the first momentum density p 1 . Clearly, it depends on the choice of the reference point
and is reasonably regarded as the OAM, where
is the OAM about the origin and P is the total momentum (7). Let us derive the expressions for the spin (8) and OAM (9) in reciprocal space. Substituting Eq. (5) into Eq. (8), one has
After performing the integration with respect to x, S 1 changes into
